Abstract. We present different ways, coming from Finite Volume or Mixed Finite Element frameworks, to discretize convection terms in Hybrid Finite Volume, Mimetic Finite Difference and Mixed Finite Volume methods for elliptic equations. We compare them through several numerical tests, and we present an application to a system modeling miscible flows in porous media.
1.
Introduction. The Hybrid Finite Volume (HFV), Mimetic Finite Difference (MFD) and Mixed Finite Volume (MFV) methods, developed in the last few years, aim at providing numerical schemes on very generic grids for diffusion equations of the kind
where Ω is a polygonal open bounded subset of R d (d ≥ 2) and Λ : Ω → R d×d is a bounded uniformly coercive (and usually symmetric) tensor. These three methods basically come from two different communities: the Mixed Finite Element community (MFD) and the Finite Volume community (HFV, MFV). It has recently been understood [8] that they are in fact only different presentations, based on the different takes and habits of each community, of a single discretization technique, which can be named the "Hybrid Mimetic Mixed" (HMM) method. Diffusion terms of the kind div(Λ∇p) appear in numerous models of physical problems, and their discretization on general grids is a complex problem which alone justifies a large literature on development of methods for the plain diffusion equation (1.1) . But many such models (the Navier-Stokes equations, miscible or immiscible flows in porous media, etc.) also involve convection terms, and it is therefore important not only to study discretizations of pure diffusion equations, but also to gather some understanding on how to handle convection-diffusion equations, the model of those being
with V ∈ C 1 (Ω) d (since this equation is stationary, as usual we assume that div(V ) ≥ 0). Of course, the discretization of div(V p) is not expected to be something as complex as the discretization of div(Λ∇p), but it is well known that convection-diffusion equations can be quite tricky to properly approximate: different treatments of the convective term can be required depending on which quantity (the convection or the diffusion) dominates. Mixed Finite Element and Finite Volume literatures both have developed techniques to handle convective terms; the HMM method being at the juncture of these two literatures, it can be written in either one format and this mutability thus allows to try and incorporate into HMM schemes all those different handling of convection terms. The aim of this paper is precisely to present couplings of the HMM technique for pure diffusion equations with several FE or FV discretizations of convection terms. The plan is as follows: in the next section, we recall the HMM discretization of pure diffusion equations (1.1), using two of its possible presentations (MFD and MFV) associated with the FE and FV views of the method. In Section 3, we use these two presentations to couple the HMM method with FE-or FVbased discretizations of the convective term, thus obtaining several schemes for the convection-diffusion equation (1.2); we very briefly state the theoretical results which can be proved on these schemes, the details being provided in [2] . In Section 4 we present some numerical comparisons between these methods. The results are on the overall what is expected, but some interesting insights can nevertheless be gained (for example, on the scaling of the Scharfetter-Gummel method, or on the choice of cell or edge unknowns in the upwindings). The model equation (1.2), although sometimes difficult to properly approximate, is a very simple convection-diffusion problem; in the last section, Section 5, we consider a more complex model of miscible flows in porous media, resulting in a coupled system of a (stationary) diffusion equation and a (transient) convection-diffusion equation, and we recall some results of [7] on the approximation of this system using the HMM method.
2. The HMM discretization of pure diffusion equations.
2.1.
Notations. The following definition gives the basic notations for the grids we consider on Ω.
Definition 2.1. An admissible discretization of Ω is given by the triplet D = (M, E, P), where :
• M, the cells (or control volumes) of the mesh, is a finite family of non-empty open polygonal disjoint subsets of Ω such that Ω = ∪ K∈M K; • E, the edges (faces in 3D) of the mesh, is a finite family of non-empty open disjoint subsets σ of Ω such that for all σ ∈ E there exists an affine hyperplane A of R d and a cell K ∈ M such that σ ⊂ ∂K ∩ A. We also assume that for all K ∈ M there exists E K ⊂ E such that ∂K = ∪ σ∈E σ and, for all σ ∈ E, either σ ⊂ ∂Ω or σ ∈ E K ∩ E L for some pair of elements K, L ∈ M; • P = (x K ) K∈M is a family of points of Ω indexed by M, such that each mesh cell K is star-shaped with respect to x K .
The set of edges σ contained in ∂Ω is denoted by E ext , and we let E int = E\E ext denote the interior edges. Two control volumes K and L which share an edge are called neighbors; |K| and |σ| respectively denote the d-dimensional and the (d − 1)-dimensional measures of the cell K and the edge σ. If σ ∈ E K , n K,σ is the unit normal to σ outward K.
We define H M as the set of functions Ω → R which are piecewise constant on M (the value of q ∈ H M on K is denoted by q K ), and F D is the set of families of real numbers (F K,σ ) K∈M,σ∈EK which satisfy the following conservativity property:
2.2. Scheme. The HMM method for the diffusion equation (1.1) can be introduced in three different but equivalent ways [8] , coming from three different points of view: in a manner similar to the Mixed Finite Element method (MFD), using a variational formulation of the problem based on discrete gradients (HFV) or writing a flux-based finite volume formulation (MFV). We briefly describe here the first and third presentations, which will be useful to introduce the various discretizations of the convection term in the next section, and we refer the reader to [4, 8, 9, 12] for more detailed constructions of the method.
In the MFD view of the HMM method, a discrete divergence operator is first defined:
and, for each control volume K, a local scalar product [·, ·] K , acting on the restrictions to E K of elements in F D , is chosen such that the following consistency property holds (this is the discrete counterpart of the usual Stokes formula): (Ω) scalar product, the HMM scheme for (1.1) consists in writing a Mixed Finite Element-like formulation using these scalar products:
As with the classical Mixed Finite Element method, it is possible to hybridize this scheme by introducing edge unknowns p E = (p σ ) σ∈E (local eliminations then allow to write the entire system using only p E ). These edge unknowns are useful to present the MFV approach of the HMM method; we first define a discrete cell gradient from the fluxes:
wherex σ is the center of gravity of σ (and x K is the point corresponding to the chosen discretization D of Ω); if F K,σ is an approximation of
is indeed an approximation of ∇p on K. Letting H E,0 be the space of edge values q E = (q σ ) σ∈E such that q σ = 0 whenever σ ∈ E ext , the HMM scheme consists in imposing a relation inside each cell between the flux, cell and edge unknowns, and in writing the physical flux balance:
where
and B K is a symmetric positive definite matrix of size Card(E K ) (we see that T K (F ) = 0 whenever (F K,σ ) σ∈EK are the genuine fluxes of a given vector ξ, i.e.
is thus a stabilization term which vanishes as F approximates the genuine fluxes of the exact solution).
Remark 2.2. Rigorously speaking, (2.5)-(2.6) and (2.8)-(2.9) are equivalent only if the points (x K ) K∈M are chosen as the centers of gravity of the cells. In general, (2.4) has to be generalized a little bit in order to preserve the equivalence; this generalization is at the core of the unified HMM view of the method, see [8] .
3. Various discretizations of the convection term.
Using Mixed Finite Element techniques.
A first idea to discretize the convective term in (1.1) is to put this equation into a mixed weak formulation; H(div, Ω) being the classical space of square-integrable vector fields with square-integrable divergence, a weak formulation for (1.2) is:
(the first equation states that F = −Λ∇p + V p, and the second equation that div(F ) = f ).
An integration by parts in (2.4) shows that the local scalar product [·, ·] K plays the role of the scalar product induced by Λ
if w and z are regular vector fields then, taking G = w I and q an affine function such that ∇q = Λ
Assuming that Λ is constant inside each control volume K, this justifies the following approximation of the convective term in (3.10):
where we have taken G = w I . The resulting HMM scheme for the full equation (1.2), proposed and studied in [5] , is then:
It has been proved in [5] 
The next step is to approximate F c (p) K,σ = 1 |σ| σ pV · n K,σ using the available unknowns, i.e. the cell unknowns; there are several possible classical choices. In the following, we let V K,σ = 1 |σ| σ V · n K,σ and denote by L the control volume on the other side of σ ∈ E K (or p L = 0 if σ ∈ E K ∩ E ext ).
• Centered flux:
(3.14)
• Upwind flux:
• Scharfetter-Gummel flux, scaled with the local diffusion:
where d σ is the sum of the orthogonal distances between σ and x K and between σ and x L , A(s) = −s
Remark 3.1. Numerical results show that we cannot only use Λn K,σ · n K,σ or |Λn K,σ | as a sufficient scaling to stabilizes the Scharfetter-Gummel convective flux: we need to use the smallest local eigenvalue of Λ (see the definition of µ σ ), even if the corresponding eigenvector is orthogonal to σ and if the problem appears in fact "sufficiently diffusive" in the direction n K,σ .
A HMM scheme for (1.2) can then be obtained from (2.8)-(2.9) by adding the convective fluxes to the flux balance equation:
with F c defined by one of the preceding choices (3.14), (3.15) or (3.16). All these expressions of the convective fluxes use the two values on either side of σ as in the classical 2-point Finite Volume method (in which the primary unknowns are the cell unknowns, see [11] ). However, as noticed above, HMM methods naturally provide an unknown for p on each edge, which could be used instead of the cell unknown on the other side; for example, in the case of an upwind discretization, the discrete convective flux (3.15) can be replaced with
(edge-based variants of the centered and Scharfetter-Gummel discretizations (3.14) and (3.16) can also be defined). Whereas the fluxes (3.15) are conservative, this is not the case for the fluxes F c (p, p E ) defined by (3.19); since the conservativity of the global (diffusive+convective) fluxes is still expected to hold, (2.3) has to be relaxed and, with the choice (3.19), the HMM scheme is thus: find (p, p E ) ∈ H M × H E,0 and a set of real numbers
These HMM schemes (i.e. (3.17)-(3.18) and (3.20)-(3.22)) for convection-diffusion equations have been studied in [2] , using a unified presentation which handles all the possible choices for F c ; in particular, theoretical proofs of convergence (without regularity assumption on the solution to the PDE) and first order error estimates (when the solution to the PDE belongs to H 2 ) are established, under usual assumptions on the grid. 4. Numerical results. All the previous methods, both FV-and MFE-based, can be presented in a unified way which allows to carry out a single theoretical study for all the schemes: convergence and error estimates can then be proved. We however prefer here to concentrate on providing some numerical results on the schemes.
Orders of convergence.
To study the rates of convergence of the various methods presented in the preceding section, we consider (1.2) with the following data:
• The domain of study is Ω = (0, 1) 2 , • Λ(x, y) is the anisotropic heterogeneous diffusion tensor given by a 2πx rotation of the diagonal matrix νdiag(2, 1) for some ν > 0, i.e.
Λ(x, y) = ν cos(2πx) − sin(2πx) sin(2πx) cos(2πx) 2 0 0 1
23)
• V is the divergence-free vector field V (x, y) = 10(−y, x), • f is the source term corresponding to the exact solution p(x, y) = x(1 − x)e y .
JÉRÔME DRONIOU
(a) n = 1 (b) n = 10 Figure 1 . Two elements of the family of grids used to compute the rates of convergence.
If ν is not small (say ν = 1), this problem is mostly in diffusive regime; for small ν, the convection dominates. We implement the schemes using refinements of the grid presented in Figure 1 -(a): each primordial, triangular or quadrangular, cell is divided into a certain number of cells of the same nature, obtained by cutting the edges in n segments; Figure 1 -(b) shows the refinement corresponding to n = 10 (the grids used in the tests correspond to n = 25, n = 50, n = 100, n = 150 and n = 200 and are respectively made of 5625, 22500, 90000, 202500 and 360000 cells). The quantities we study here are the relative errors e p and e ∇p , in L 2 norms, of p and ∇p, i.e.
where p is the approximate piecewise constant solution given by the considered scheme, p and ∇p are the exact solution to (1.2) and its gradient (or, to be more precise, their projections on piecewise constant functions adapted to the grids) and v(F ) is the approximate gradient defined by (2.7).
In Figure 2 we present the convergence graphs obtained in the diffusive regime ν = 1, with various discretizations of the convection: the FV-upwind method based on (3.19), the FV-Scharfetter-Gummel method based on the edge-version of (3.16) (i.e. with p L replaced by p σ ), the FV-centered method based on (3.14) but also replacing p L with p σ and the FE-like method (3.12) . These results show a super-convergence (order 2) of p for all the schemes except the upwind scheme, and an order 1 convergence of the discrete gradient for all the schemes. Other test cases in diffusive regime give similar outputs, but the relative positions of the three schemes showing a superconvergence for p may change (in a numerical test of [2] , the FE-like discretization gives slightly better results than the two others). These behaviors are somewhat expected, and correspond to what is observed when these techniques of discretization of the convective term are used alongside other kinds of schemes for diffusion operators.
In Figure 3 , we present the results in the convection-dominated case: we take ν = 10 −4 in (4.23). Here again, the results correspond to the expectations: the centered discretization nearly provides, as the mesh size goes to 0, a second order of convergence for p, but with very large errors, whereas the upwind choice still has a first order rate of convergence but gives an acceptable numerical solution. Also as expected, the convergence of the approximate gradient is very slow at the available mesh sizes. A more interesting remark can be made on the Scharfetter-Gummel discretization: the corresponding solution is nearly indistinguishable from the solution provided by the upwind scheme; this is in fact completely natural if we remember the definition of the scaling parameter µ σ in (3.16): we have and hence, if
This shows that, in this strongly convective regime, the fluxes (3.16) and (3.15) are nearly identical. The scaled Scharfetter-Gummel flux therefore appears as a very good "generic" choice for the discretization of the convective term: when the diffusion dominates, it gives an order 2 scheme as the centered flux ( Figure 2 ) and, when the convection drives the phenomenon, it provides enough numerical diffusion to stabilize the solution as with the upwind choice (Figure 3 ). Remark 4.1. We do not include, in the convective regime, the results obtained with the FE-like method since the corresponding scheme gives a very unstable solution (the error is huge on the the grids we consider here); it has already been noticed that this scheme must be stabilized when the convection dominates the equation: a possible stabilization uses the jumps of p across the edges and allows to obtain a much more acceptable approximate solution (although not as good as the solution obtained using the upwind or Sharfetter-Gummel flux), see [2] .
Additional numerical tests are available in [2] . The results presented in this reference do not show the convergence graphs of the approximate gradient, but rather study the rates of convergence of the flux unknowns (in the F D norm) and show, in some cases, a super-convergence phenomenon (order of convergence 3/2 instead of 1) for these unknowns. 2 . This test case presents a change of regime: if x ≤ 0.5 or y ≤ 0.5, the phenomenon is mainly diffusion-dominated (even in the lower right quarter of domain, since both the diffusion tensor and the convection field are large along the x-axis and small along the y-axis), but it The results clearly show that, although based on similar principles, these two kinds of upwind discretizations can have quite different behaviors: the cell-upwind choice appears much less precise than the edge-upwind choice. As a general rule, we noticed on different numerical tests that either these two choices give very similar results, or the edge-upwind discretization is better than the cell-upwind discretization.
Remark 4.2. Another advantage of the edge-upwind choice, with respect to the cell-upwind choice, is the possibility to fully hybridize (3.20)-(3.22) (the system can be reduced, via local eliminations, to a system in the edge unknowns only).
5.
Application to miscible flows in porous media. As explained in the introduction, the HMM method -or close variants thereof -has also been used to discretize more complex convection-diffusion problems than (1.2) (studying in general only one kind of discretization for the convective term). In particular, in [7] , a variant of the HMM method is used to approximate the solution to the non-linear elliptic-parabolic coupled system diffusion-dispersion tensor including molecular diffusion and mechanical dispersion: ) µ(1) the mobility ratio). The boundary conditions associated with (5.24) and (5.25) are the no-flow conditions (we assume that Ω q + (t, x) − q − (t, x) dx = 0 for all t):
and the initial value of c is imposed equal to 0, as well as the mean value on Ω of p at each time. This problem is strongly convection-dominated, especially since d m is so small that it is in practice often assumed equal to 0. An adequate discretization of the convective term is therefore of utmost importance to obtain an acceptable numerical concentration c; this lead several authors to develop schemes for this problem, using simple Finite Element or Mixed Finite Element methods for the diffusion equation (5.24) but applying more specific methods for the convection-diffusion equation (5.25), which provide better discretizations of the convective term: the method of characteristics [14] , a modified method of characteristics [13] , an Eulerian Lagrangian localized adjoint method [16] .
The technique used in [7] to approximate this problem consists in handling both equations with the same method, namely the variant of the HMM scheme which consists in replacing the stabilization term T K (G) T B K T K (F ) in (2.8) with αG T F (for some α > 0). The convective term div(Uc) in (5.25) is discretized using the cell-upwind choice (3.15), the needed approximations of U K,σ = 1 |σ| σ U · n K,σ being naturally provided by the flux unknowns in the HMM discretization of the elliptic equation (5.24). A theoretical proof of convergence of the obtained scheme is given, without assuming any unnatural regularity on the data or solution to the continuous problem, and the numerical results show that this HMM+upwind discretization of (5.24)-(5.25) gives very good approximate solutions (comparable to the solutions obtained with the other schemes in the literature), even on non-cartesian grids. We reproduce in Figures 5 and 6 the concentration obtained in two test cases presented in [7] (see this reference for a full description of the corresponding data). The first test illustrates the fingering phenomenon which results from the variable viscosity µ, and the second test shows the effects of a heterogeneous permeability K (four times smaller in (200, 400)×(200, 400), (600, 800)×(200, 400), (200, 400)×(600, 800) and (600, 800) × (600, 800) than in the rest of the domain). 
